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Metrical Multi-Time Lagrange Geometry 
of Physical Fields 
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^— ' , Section 1 contains some physical and geometrical aspects of the Lagrangian 

^^ ' geometry of physical fields developed by Miron and Anastasiei |7|, which rep- 

resents the start point in our metrical multi-time Lagrangian approach of 
the theory of physical fields. Section 2 exposes a geometrization of a Kro- 
necker /i-regular Lagrangian function with partial derivatives of order one, 
L : J^ (T, M) — > R. This geometrization relies on the notion of metrical multi- 
time Lagrange space ML^ — {J^{T,M), L) introduced in ||l3]. We emphasize 
that this geometry gives a model for both the gravitational and electromagnetic 
field theory, in a general setting. Thus, Section 3 presents the metrical multi- 
time Lagrange theory of electromagnetism and describes its Maxwell equations. 
Section 4 presents the Einstein equations which govern the metrical multi-time 
Lagrange theory of gravitational field. The conservation laws of the gravitational 
O^ ' field are also described in terms of metrical multi-time Lagrange geometry. 
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1 Lagrangian theory of physical fields 



A lot of geometrical models in Mechanics, Physics or Biology are based on 
«2j ' the notion of ordinary Lagrangian. In this sense, we recall that a Lagrange space 

C^ I L" = {M, L{x, y)) is defined as a pair which consists of a real, smooth, n-dimensional 

manifold M coordinated by (a;*)j^j-;^, and a regular Lagrangian L : TM -^ R, not 
necessarily homogenous with respect to the direction {y^)^^Yn- ^^'^ differential ge- 
ometry of Lagrange spaces is now considerably developed and used in various fields 
to study natural process where the dependence on position, velocity or momentum 
is involved 0. Also, the geometry of Lagrange spaces gives a model for both the 
gravitational and electromagnetic field, in a very natural blending of the geometrical 
structure of the space with the characteristic properties of the physical fields. 

In the sequel, we try to expose the main geometrical and physical aspects of the 
Lagrangian theory of physical fields M|. In order to do that, let us consider 



the fundamental metrical d-tensor of an ordinary Lagrangian L : TM -^ R. From 
physical point of view, this d-tensor has the physical meaning of an "unified" gravi- 
tational field on TM, which consists of one "external" (a;)-gravitational field spanned 
by points {x}, and the other "internal" (y)-gravitational field spanned by directions 
{j/}. It should be emphasized that y is endowed with some microscopic character of 
the space-time structure. Moreover, since y is a vector field different of an ordinary 
vector field, the y-dependence has combined with the concept of anisotropy. 

The field theory developed on a Lagrange space L" relies on a nonlinear con- 
nection r — {NUx,y)) attached naturally to the given Lagrangian L. This plays 
the role of mapping operator of internal (y)-field on the external (a:)-field, and 
prescribes the "interaction" between (x)- and (y)- fields. From geometrical point 
of view, the nonlinear connection allows the construction of the adapted bases 

{ j^ = ^ - ^' ^' ^} ^ '^(^^ ^"^ ^'^"'' '^^' ^ '^y' + ^^'^"'^ ^ ^*(™)- 

Concerning the "unified" field gij{x, y) of i", the authors constructed a Sasakian- 
like metric on TM, 
(1.2) G = gijdx^ (» dx^ + gijSy^ ® Sy^ . 

As to the spatial structure, the most important thing is to determine the Cartan 
canonical connection CT = {L^jk,C^jk) with respect to gij, which comes from the 
metrical conditions 



(1.3) 



_ I ff'3 r'™- r, /^™ n — n 



where "i^" and "|fc" are the local h- and v- covariant derivatives of CY . The im- 
portance to the Cartan canonical connection comes from its main role played in the 
Lagrangian theory of physical fields. 

In this context, the Einstein equations of the gravitational potentials gij{x,y) of 
a Lagrange space L", n > 2, are postulated as being the Einstein equations attached 
to CT and G, namely 0, 

f i?., - ii?g,, = /CT-f , 'i^,=/C7-], 
(1-4) I _ V . _ , 

where i?.y = i?™„, Sij = S"^^^, ' Pij = Pj™„, "Pij = P^j are the Ricci tensors of 
CT, it! = g*-'i?jj, S = g'^S^j are the scalar curvatures, T^f , T^ , T^], T^^ are the 
components of the energy-momentum tensor T and /C is the Einstein constant (equal 
to for vacuum). Moreover, the energy- momentum tensors T^^ and T^ satisfy the 
following conservation laws 

(1.5) K:T"ji:^ = -l{p;^rRi^ + 2RL,pn, ^^^t™ = 0' 

where all notations are described in R|. 



The Lagrangian theory of electromagnetism rehes on the canonical Liouville vector 

d 
field C=y^-—^ and the Cartan canonical connection CV of the Lagrange space L". 

In this context, the authors introduce the electromagnetic 2- form on TM , 

(1.6) F = F,,Sy' A dx^ + f,,5y' A V, 

where 

F-ij = 7;[{mmy"')\] - ferny") k], 

(1-7) ' 

Using geometrical identities, they deduce that the vertical electromagnetic com- 
ponents fij vanish always. 

At the same time, using the Bianchi identities attached to the Cartan canonical 
connection CF, they conclude that the horizontal electromagnetic components Fij are 
governed by the following equations of Maxwell type, 

j Fij\k + F]k\i + Fki\j = - E{ij\fc} CimrR^ky"" 
\ F,J\k+FJk\^+Fk^\,^Q. 

Finally, we point out that physical aspects of the Lagrangian electromagnetism 
are studied by Ikeda in M, ■ 

In this paper, we naturally extend the previous field theory to a general one, 
constructed on the jet fibre bundle of order one J^{T,M) ^ T x M, where T is a 
smooth, real, p-dimensional "multi-time" manifold coordinated by {t°')^^Yv ^^^ ^ ^^ 
a smooth, real n-dimensional "spatial" manifold coordinated by {x^)i^Yn- ^^^ gauge 
groupof ji(r,Af) is 

(1.9) { x^=x^{x=) 

,, _ dSf_dtP_ j 

In other words, it is more general than that used in the papers 0, g]. We recall 
that the jet fibre bundle of order one is a basic object in the study of classical and 
quantum field theories. 

Our field theory is created, in a natural manner, from a given Kronecker h-regular 
Lagrangian function on J^{T,M) (i. e. a smooth function L : J^{T,M) -^ R), and 
can be called the metrical multi-time Lagrange theory of physical fields. 

In order to have a clear exposition of our theory, we point ou that we use the 
following three distinct notions: 

i) multi-time Lagrangian function — A smooth function L : J^(T,M) -^ R. 

ii) multi-time Lagrangian (Olver's terminology) — A local function C on J^{T, M) 
which transform by the rule C — C\ det J|, where J is the Jacobian matrix of coordi- 
nate transformations t" = t°'{t^). If L is a Lagrangian function on 1-jet fibre bundle, 
then C = L^/\h\ represent a Lagrangian on J^{T, M). 



iii) multi-time Lagrangian density (Marsden's terminology) — A smooth map 
V : J^{T,M) ^ AP{T*T). For example, the entity V = Cdt^ A dt^ A ... A dtP, 
where £ is a Lagrangian, represents a Lagrangian density on J^ (T, M) . 

We emphasize that the construction of a theory of physical fields attached to a 
given first order multi-time Lagrangian function was tried unsatisfactory, again, by 
Miron, Kirkovits and Anastasiei in [g| . In their opinion, a such construction must be 
done on the vector bundle (BiTM -^ M, where the coordinates of a-th copy of TM 
are denoted (a;*,x^), and its gauge group is of the form 

{i* — x^{x^) 
,, _ aF ,- 

In other words, their gauge group ignores the multi-temporal reparametrizations. 
From our point of view this is the first difficulty of their theory. At the same time, their 
trial was unsatisfactory because they do not succeded to write the local expressions 
of the Bianchi identities of the Cartan canonical connection. This second difficulty 
of their theory appeared probably from the very complicated computations that was 
involved. 

In our paper, we remove these difficulties, using a Kronecker /i-regular multi-time 
Lagrange function on the 1-jet fibre bundle J^(T,M). These objects allow us the 
writing of the Bianchi identities of the Cartan canonical connection, so necesssary in 
the description of field equations. Nevertheless, our theory has also a difficulty, coming 
from the quite strong condition of Kronecker /i-regularity imposed to the multi-time 
Lagrangian function. This difficulty will be removed in the paper [^ . 

2 Metrical multi-time Lagrange spaces 

Let us consider T (resp. M) a "temporal" (resp. "spatial") manifold of dimension 
p (resp. n), coordinated by (t")„^]-^ (resp. (x^)^^j-^). Let E = J^{T,M) -* T x M 
be the jet fibre bundle of order one associated to these manifolds. The bundle of 
configuration J^(T,M) is coordinated by (t",a;%a;^), where a = l,p and i = l,n. 
Note that the terminology used above is justified in |11[ . 

Remarks 2.1 i) Throughout this paper, the indices a,f3,'y,... run from 1 to p, and 
the indices i, j, k, . . . run from 1 to n. 

ii) In the particular case T = R (i. e., the temporal manifold T is the usual time 
axis represented by the set of real numbers), the coordinates {t^,x'^,x\) of the 1-jet 
space J^{R,M) = Rx TM are denoted {t,x\y'). 

We start our study considering a smooth multi-time Lagrangian function L : E ^f 
R, which is locally expressed by E 3 (i",a;%a;Jj) -^ _L(t",a;%x^) G R. The vertical 
fundamental metrical d-tensor of L is 

Now, let h = {hap) be a fixed semi-Riemannian metric on the temporal manifold 
T and gij {f* , x'', x'^) be a d-tensor on E, symmetric, of rank n, and having a constant 



signature. 

Definition 2.1 A multi-time Lagrangian function L : E ^ R whose vertical funda- 
mental metrical d-tensor is of the form 

(2.2) G^^^l^^\t\x\x';) = h'^P{t'<)g,,{t\x\x'^), 

is called a Kronecker h-regular multi-time Lagrangian Junction with respect to the 
temporal semi-Riemannian metric h = {hap). 

In this context, we can introduce the following 

Definition 2.2 A pair MU^ = {J^{T,M),L), where p = dimT and n = dimM, 
which consists of the 1-jet fibre bundle and a Kronecker /i-regular multi-time La- 
grangian function L : J^ (T, M) — > i? is called a metrical multi-time Lagrange space. 

Remarks 2.2 i) In the particular case {T,h) ~ {R,5), a metrical multi-time 
Lagrange space is called a relativistic rheonomic Lagrange space and is denoted 
RL"^ = {J^{R,M),L). 

ii) If the temporal manifold T is 1-dimensional, then, via a temporal reparametriza- 
tion, we have J^ (T, M) = J^ {R, M). In other words, a metrical multi-time Lagrangian 
space having dim T = 1 is a reparametrized relativistic rheonomic Lagrange space. 

Examples 2.1 i) Suppose that the spatial manifold AI is also endowed with a semi- 
Riemannian metric g = {gij(x)). Then, the multi-time Lagrangian function 

(2.3) ii : J\T,M) -^R, Li ^ /i"^(i)g,,(xX4 

is a Kronecker /i-regular multi-time Lagrangian function. Consequently, ML" = 
{J^{T, M), Li) is a metrical multi-time Lagrange space. We underline that the multi- 
time Lagrangian £i = Li^y\h\ is exactly the energy multi-time Lagrangian whose 
extremals are the harmonic maps between the pseudo-Riemannian manifolds (T, h) 
and {M,g) [gj. At the same time, this multi-time Lagrangian is a basic object in the 
physical theory of bosonic strings. 

ii) In above notations, taking Uf°i{t,x) as a d-tensor field on E and 
F : T X M —> R a smooth map, the more general multi-time Lagrangian function 



al3fj-\„ f^\^i ^j I 7-r(")/' 



(2.4) L^-.E^R, L2 = h'^'\t)g,j{x)x\T>p + U}^^\t,x)x\ + Fit 



x) 



is also a Kronecker /i-regular multi-time Lagrangian. The metrical multi-time La- 
grange space ML" = (J^(r, M), L2) is called the autonomous metrical multi-time 
Lagrange space of electrodynamics because, in the particular case (T, h) = (i?, S) , 
we recover the classical Lagrangian space of electrodynamics M which governs the 
movement law of a particle placed concomitantly into a gravitational field and an elec- 
tromagnetic one. From physical point of view, the semi-Riemannian metric hapit) 
(resp. gij{x)) represents the gravitational potentials of the space T (resp. M), the 
d-tensor t/,'^ (i, x) stands for the electromagnetic potentials and i^ is a function which 
is called potential function. The non-dynamical character of spatial gravitational 
potentials gij{x) motivates us to use the term "autonomous". 



iii) More general, if we consider gij(t, x) a d-tensor field on E, symmetric, of rank n 
and having constant signature on E, we can define the Kronecker /i-regular multi-time 
Lagrangian function 

(2.5) L3:E^R, L3 - h''^it)g^,{t,x)x'^x'p + ul^\t,x)x'^ + F{t,x). 

The pair ML^ — (J^{T, M),L3) is a metrical multi-time Lagrange space which is 
called the non- autonomous metrical multi-time Lagrange space of electrodynamics. 
Physically, we remark that the gravitational potentials gij{t,x) of the spatial man- 
ifold M are dependent of the temporal coordinates f^ , emphasizing their dynamic 
character. 

An important role and, at the same time, an obstruction in the subsequent de- 
velopment of the metrical multi-time Lagrangian geometry, is played by the next [ni| 

Theorem 2.1 (characterization of metrical multi-time Lagrange spaces) 
Lf we have dimT > 2, then the following statements are equivalent: 

i) L is a Kronecker h-regular multi-time Lagrangian function on J^{T,M). 

a) The multi-time Lagrangian function L reduces to a non- autonomous electrody- 
namics multi-time Lagrangian function, that is, 

L = h"^(t)g.,{t, x)<4 + C/g)(i, x)< + F{t, x). 

A direct consequence of the previous characterization theorem is the following 

Corollary 2.2 The fundamental vertical metrical d-tensor of an arbitrary Kronecker 
h-regular multi-time Lagrangian function L is of the form 

(2 6) ^(a)(/3)^ 1^^^ f '^"W.9^^(^'^''y')' P^l 

^^^^'■^ '^dxldx^p \h-P{t'^)g,^{t\x% p>2, 

where p — dimT. 

Remarks 2.3 i) It is obvious that the preceding theorem is an obstruction in the 
development of a fertile metrical multi-time Lagrangian geometry. This obstruction 
will be removed in a subsequent paper by the introduction of a more general notion, 
that of generalized metrical multi-time Lagrange space [9]. The generalized metrical 
multi-time Lagrange geometry and its theory of physical fields are constructed in l9l 
using just a given /i-regular fundamental vertical metrical d-tensor G^'V} J on the 1-jet 
space J^{T,M). 

ii) In the case p — dimT > 2, the above theorem obliges us to continue the study 
of the metrical multi-time Lagrangian space theory, channeling our attention upon 
the non-autonomous metrical multi-time Lagrange space of electrodynamics. 

Following the geometrical development from the paper |1J] , the fundamental ver- 
tical metrical d-tensor G,V}\^ of the metrical multi-time Lagrange space MT" — 

{J^{T, M), L) induces naturally a canonical nonlinear connection T = (Af.^1 „, Ny{ .) 
onE = J^{T,M). 



Theorem 2.3 The canonical nonlinear connection T of the metrical multi-time La- 
grange space MLp — {J^{T, M),L) is defined by the temporal components 

( -Hl,y\ p=l 
(2-7) M}\„ = I „-y i . „ 



and the spatial components 



(2-8) A^S, = 



dyi 



where 



g^i^ ( d^L , dL d^L dL , ,, , , , 



^ _ hJ^ f dhria dhr,i3 _ dhgp 



(2.9) 

Tjifi) _ (fc) U)_ 

(fe)j 5a;J 52;fe • 

Remarks 2.4 i) Considering the particular case {T,h) = {R,S), we remark that 
the canonical nonlinear connection F — {0,Nf.y) of the relativistic rheonomic La- 
grange space RL'^ = {J^{R,M),L) reduces to the canonical nonlinear connection 
from Miron-Anastasiei theory 0. 

ii) In the case of an autonomous metrical multi-time Lagrange space of elec- 
trodynamics (i. e., gij {f^ , x^ , x!^) = gij{x'^)), the generalized Christoffel symbols 
r'j,(i^,x'") of the metrical d-tensor gij reduce to the classical ones 7Jfe(a;'"), and the 
canonical nonlinear connection becomes F — {M^^ig, N^i ), where 



-Hhy\ P=l ^^^ \ ^hy' + ^-^hnUHl p^l 

^S)f3^\ -Hlpxl^, p>2 ^^^ ^£b- = 



M}:\a = < „^ , . „ and m 



r-k^d", Jj(l) 



The main result of the metrical multi-time Lagrange geometry is the theorem of 
existence of the Cartan canonical h-normal linear connection CT which allow the sub- 
sequent development of the metrical multi-time Lagrangian theory of physical fields. 



Theorem 2.4 (of existence and uniqueness of Cartan canonical connection) On the 
metrical multi-time Lagrange space ML" — {J^(T, M), L) endowed with its canonical 
nonlinear connection T, there is a unique h-normal T-linear connection 



cr 



{H^p.,Gj^,L\i.,C, 



having the metrical properties 

Moreover, the coef 
the expressions \li 



T k T k 



Icients L 



3{k)l 



Jk 



2d C^-n.) of the Cartan canonical connection have 



(2.10) 







Remarks 2.5 i) In the particular case (T, h) — {R, 6), the Cartan canonical 5-normal 
F-linear connection of the relativistic rheonomic Lagrange space RL" = {J^{R, M), L) 
reduces to the Cartan canonical connection used in . 

ii) As a rule, the Cartan canonical connection of a metrical multi-time Lagrange 
space MLV^ verifies also the metrical properties 

hapl-i = hap\k = ^Q/3|(fe) = and g^/^ = 0. 

iii) In the case p — dimT > 2, the coefficients of the Cartan connection of a 
metrical multi-time Lagrange space reduce to 






^1(3^ '^31 



9 dg^j 
2 dt-y 



^jk 






0. 



Theorem 2.5 The torsion d-tensor T of the Cartan canonical connection of a met- 
rical multi-time Lagrange space is determined by the local components 



(2.11) 
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where, 



i) for p = dimT = 1, we have 



rpm _ _r'm p™(i) _ /^™(l) p("i) (1) 



- -^jl, 



d(™) (1) 



5iV, 



(m) 

(l)i 



9y-' 



-i 






JJ7 



(5xJ 



(5x* 



R 



(m) _ 
(1)1J ~ 



(lb 
9i 



ffi\ 



iV'"' ^7/'= 



iij /or p = diniT > 2, denoting 



F. 



iM 



H^ 

^Ma/3 



■pi] 



^vap 
~2~ 



^51 



at^ 



'" + t^pui% 



^ flOL 



dtP 



at" 



77'' 77''' 



TJV TTl 



9r: 



Pl 



dVl 



dx^ dx^ 



p/c pm 



p/c pm 



have 



rpm _ _r'm p"! (/3) _ ^A/^r'"! p(™) — _ ff^ ,, 



R 



R 



(m) 
(m) 



a^v, 



(A')a(j) 
(m) 



'/^Q/3'^7 



^mk 



Mi I 3 rr/3 

at" 2 ^" 



t^5ife 



9t/3 



]Pl_Tj(l) 

2 (fcW 






F, 



«(a')Ij jXm)!* 



F" 



Remark 2.6 In the case of autonomous metrical multi-time Lagrange space of elec- 
trodynamics (i. e., gij{t 
connection vanish, except 



trodynamics (i. e., gij{V ^x^ ^x^) = gij{x'^)), all torsion d-tensors of the Cartan 



R 



(m) 



-H] 



7 ^m 
M"/3-^7 



R 



(m) 



h o™*= 



^"7^(fe)j + ^^a 






mk 



u, 



iv) 



U, 



(v) 



{k)tU ' ^(fcbK 



where Hj^^ (resp. r'^^.) are the curvature tensors of the semi-Riemannian metric hajs 
(resp. g^J). 



Theorem 2.6 The curvature d-tensor R of the Cartan canonical connection is de- 



termined by the local components 
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c(0(l)(l)(l) o'(l)(l) 
(l)(j)(i)(fc) ~ iU)(k) 






inhere /?(''(") — A"/?' 



i) for p = dim T 



zljra r,(l)(a) — A" /?' /? 



1, we have 



r) ^''ifjk' 



(0(a) _ ganl J 
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1(1) 
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t{k)/i 

i(k)\j ^ 



^,1(1) pim) (1) 
^i{m)^(l)l{k) ' 



^i(l) p{m) (1) 
^i(m)^il)j(k) ' 
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dC' 



1(1) 



i(k) 



'"i{i){k) Qyk Qyj 

ii) for p = diniT > 2, we have 



^,n(l)^l(l) 
^jO) ^m(k) 



^l(l) p(m) 
^i(m)^(l)jk^ 



^■m(l)^l(l) . 
^z(k) ^m(j)^ 
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Remark 2.7 In the case of an autonomous metrical multi-time Lagrange 



space of electrodynamics (i. 



gij{t^,x^,x'^) = gij{x^)), all curva- 

and 



ture d-tcnsors of the Cartan canonical connection vanish, except _ff"^ 

.1 



TjlSl 



Ri^i. = "''ijk' that is, the curvature tensors of the scmi-Riemannian metrics hap and 



ijk 

9ij- 



10 



3 Electromagnetic field. Maxwell equations 

Let Afi" — (J^(r, M),L) be a metrical multi-time Lagrange space and 
r — iMf-^{g,Nf-^{.) its canonical nonlinear connection. Let us consider CF = 

(if 2/3, Gf^,L'^j, C^^V) the Cartan canonical connection of ML^. 

d 

Using the canonical Liouville d-tcnsor C= x* — — - and the fundamental vertical 

metrical d-tensor Gv^J^jV of the metrical multi-time Lagrange space MUJ^, we con- 
struct the metrical deflection d-tensors 

^(a) _^(a)(7)n(fc) _ (a) 
(3.12) ^(^)J - ^ii){k) ^(7)i - ^Wli' 

where X/"s — Gj^w J x!j and "//s", "|j" and "|| ^ are the local covariant derivatives 
induced by CF. 

Taking into account the expressions of the local covariant derivatives of CF (see 
the papers [Q, iQ), by a direct calculation, we obtain 

Proposition 3.1 The metrical deflection d-tensors of a metrical multi-time Lagrange 
space MLp have the expressions: 
i) forp^ 1, 



^(1) _ n Ogim rn 

Wi" 2 6t ^ ' 



{i)3 



(3.13) i^d) 

(«)u) 



dik 



AjW \ jk n 

'^^{1)3 + ^j^y 



9v + gtkC^^lJjy" 



a) for p >2, 



^(«)/3 - 2 dt^ ^ ' 



(3.14) j^ic') ^ _^%j _ ir/(") 

(«)j 2 dt"' 4 (*)■'' 

Remark 3.1 In the particular case of an autonomous metrical multi-time Lagrange 
space of electrodynamics (i. e., gtj — gij{x'')), we have 






In order to construct the metrical multi-time Lagrangian theory of electromag- 
netism, we introduce the following 

Definition 3.1 The distinguished 2-form on J^(T,M), 
(3.15) F = fI^^]SxI a dx^ + fl^l'j^^Sxl A Sx^^, 

11 



where F, 



(a) 



7(")(/3) j(")(« 



"WO) 



"(M^ 



is called the 



2 r(»b- ^im ^(»)0') ~ 2 

electromagnetic d-form of the metrical multi-time Lagrange space ML" 

Remark 3.2 The naturalness of the previous definition comes considering the par- 
ticular case of a relativistic rheonomic Lagrange space (i. e., {T,h) = {R,5)). In 
this case, we recover the electromagnetic d-tensor of the Miron-Anastasiei electro- 
magnetism 0. 

By simple computations, we find 

Proposition 3.2 The components F}'^. and fr^l) of the electromagnetic d-form F 
of a metrical multi-time Lagrange space are described by the formulas: 
i) in the case p = 1, 



F, 



(1) 

{i)3 



j{m) 



j(m) 



gjmNl[';> - 5.m^(Y)i + i9^kL^rn - 9,kLt^y" 



I 



(1)(1) 
(iKj) 



ii) in the case p>2, 



F, 



(") 

(i)j 






/, 



WO) 



0. 



Remark 3.3 We emphasize that, in the particular case of an autonomous metrical 
multi-time Lagrange space (i. e. gij — gij{x'')), the electromagnetic components get 
the expressions 



F, 



(a) 



1 



(»)j 8 



^U)^ ^Wj 



/, 



(")(/3) 







The main result of the electromagnetic metrical multi-time Lagrangian theory is 
the following 

Theorem 3.3 The electromagnetic components F^'"^. of a metrical multi-time La- 
grange space MLp — {J^(T,M),L) are governed by the Maxwell equations: 
i) for p = I, 

( 



F, 



1) _ 1 J ( f)W , n(i) 7-™ , ^(i)(i) r(™) 

Qfc/l ~ 2^*''"^ I (*)1|*: ^{i)m-^ik + "(i)(m)^(l)l* 



( 






^p(l) p(m) 



V{p) 



,W 



sr p(i)|(i) 

Z^ -^Wil(fc) 
ii) for p > 2, 

(a) 



1 V^ ^(l)(l)(l)nM ,J 



F, 



{i)k/f3 



-A{^^k} [Df^) 



) 

)/3|fc 



j~,{a) rpm I .(a)(A') p(™) 



rpp 

^ I3i\k ■ 



l^p(p) n(m) 
'^k{m)^(p)f3i 






Z^ (*)j|fe ^ 

Ep(a)|(7) 
-^wjIw 



0, 
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where v, ^ - cJ-'-'^^^\fl r^'^^'^^'^ - f7(l)(l)r«('^ - ^" ^'^ r^^^ - r7(")('')T« 

Proof. Firstly, we point out that the Ricci identities |l3) apphed to the spatial 
metrical d-tensor gi^ imply that the following curvature d-tensor identities 

Rmifik + Rirnl3k — 0, Rrnijk + Rimjk = 0, Pmij{k) + ^i7nj{k) — ^i 

where i?™,/3fe = 9^pRl^|3k^ R^mjk = 9^pR^mJk and P^^/j];} = 9^pP^Jlky are true. 
Now, let us consider the following general deflection d-tensor identities ||l^ 

"I'' '^(i^),3|fc ^{u)k/l3 — ■^v ^mf3k ^{v)m-^l3k "■(u)(m)^(p)l3k^ 

^1 {v):i\k {v)k\j V mjk {i^){m) (p)]k^ 

J \ ri(p) 1(7) _ Ap){i) _ ^mpP (7) _ T^ip) ^"(t) _ ^{p){fJ-) p(™) (7) 
'^3) ^iu)3\{k) "'(u){k)\3 - ^i^ ^mj(k) /^MmS(fc) "■{i^)(ni)UM)Jik) ' 

where D^^^^^ = xj^/^, i^J^^^^- = x^,^-, dj^jj^^^.^) = xj,|g. Contracting the deflection 

d-tensor identities by G,°{, J and using the above curvature d-tensor equalities, we 
obtain the metrical deflection d-tensors identities: 

"1/ -^(i)/?!/: ^{i)k/l3 " -^(m) «/3fe ^{i)m^pk "(i)(m) ^(M)/3fc' 

WM n(") _ n(") — „T.(") R™ _j(")(M)n(m) 
"2J ^{i)]\k ^(i)k\j — ■^(rn)^ijk "■(i){m)^{^i)jk^ 

M\ rt^a.'i |('>') _ w(")(t) — _t(") p™ ('>') _ n(") r'™('>') _ ^(")('^) p(™) (7) 
At the same time, we recall that the following Bianchi identities [|0| 

bi) A...} [ru + TL^\k + c[\tA:)Q - 0, 

•5^ OAi- \ jfc(p) j(p)|fe k{m) (p)jip) J ' 

where Ay^k} means alternate sum and J^ii k} means cyclic sum, hold good. 

In order to obtain the first Maxwell identity, we permute i and k in d'l and we 
subtract the new identity from the initial one. Finally, using the Bianchi identity 61, 
we obtain what we were looking for. 

Doing a cyclic sum by the indices {i,j, k} in d'2 and using the Bianchi identity &2, 
it follows the second Maxwell equation. 

Applying a Christoffel process to the indices {i,j,k} in dg and combining with 
the Bianchi identity 63 and the relation P(™^( ) = P()()^ ^^ get a new identity. 
The cyclic sum by the indices {i,j, k} applied to this last identity implies the third 
Maxwell equation. ■ 

Remark 3.4 In the case of an autonomous metrical multi-time Lagrange space of 
electrodynamics (i. e., gij = gij{x'')), the Maxwell equations take a more simple form, 
namely, 

{i,jM ii,j,k} 
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4 Gravitational field. Einstein equations 

Let h — (hajs) be a fixed semi-Riemannian metric on the temporal manifold T 
and r — (Af^Ng, N^i ) a fixed nonlinear connection on the 1-jet space J^{T, M). In 
order to develope the metrical multi-time Lagrange theory of gravitational field, we 
introduce the following 

Definition 4.1 From physical point of view, an adapted metrical d-tensor G on 
E = J^{T,M), expressed locally by 

G = hafjdt" (g) dt'^ + gtjdx' ® dx^ + h"'^ gijSx]^ ® 5x'p, 

where gij = gij{t'^ ^x^ ^x^) is a d-tensor field on E^ symmetric, of rank n = dimAf 
and having a constant signature on E, is called a gravitational h-potential. 

Remark 4.1 The naturalness of this definition comes from the particular case 
{T,h) — (-R, (5). In this case, we recover the gravitational potentials gij(x,y) from 
Miron- Anastasiei theory of gravitational field H . 

Now, taking Mi" — {J^{T,M),L) a metrical multi-time Lagrange space, via its 
fundamental vertical metrical d-tensor 



(4.1) G 



(„)(0) _ 1 d^L ^ f /i"(t)<?.,(i,a.^y'=), p - dimT = 1 
WO) ~ 2 dxl^dx^ ~ \ h°^f^{t'^)g,j(t'<,x^), p = dimT > 2, 



and its canonical nonlinear connection F — {Mf{g,Nf{.), one induces a natural 
gravitational /i-potential, setting 

G = hapdt" ® dt'^ -I- ffydx* ® dx^ + h"'^ gijSx'^ (g) 5x^p. 

Let us consider CT = (i?2/3' ^i7' -^?fe' ^ (k)) ^^^ Cartan canonical connection of ML^. 
We postulate that the Einstein which govern the gravitational /i-potential G of 
the metrical multi-time Lagrange space AIUl are the Einstein equations attached to 
the Cartan canonical connection GT of AfL" and the adapted metric G on E, that 
is, 

(4.2) Ric{CT) - ^^!^1g = /CT, 

where Ric{CT) represents the Ricci d-tensor of the Cartan connection, S'c(CF) is its 
scalar curvature, /C is the Einstein constant and T is an intrinsec tensor of matter 
which is called the stress-energy d-tensor. 

In the adapted basis {Xa) = ( t — jI^— jTT^ I of the nonlinear connection F 

ydi" ox^ oxl^J 

of MLp, the curvature d-tensor R of the Cartan connection is expressed locally by 
II{Xc,Xb)Xa — Rabc-^d- It follows that we have Rab = Ric{XA,XB) = Rabd 
and Sc{CT) = G^^Rab, where 



(4.3) G 



AB 



haf3, 


ioT A^a, B^ 13 


9^', 


iov A = i, B = j 


hapg'' , 


for A=g,i? = 


. 0, 


otherwise. 



ip) 
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Taking into account, on the one hand, the form of the fundamental vertical metri- 
cal d-tensor G["w ■\^ of the metrical multi-time Lagrange space ML" and, on the other 
hand, the expressions of local curvature d-tensors attached to the Cartan canonical 
connection CT, by a direct calculation, we deduce 

Theorem 4.1 The Ricci d-tensor Ric{C'T) of the Cartan canonical connection CT 
of a metrical multi-time Lagrange space, is determined by the following components: 

i) for p == dim T = 1, 

(1) not (1) _ m(l) (1) not (1) _ m (1) n(l)(l) not „(1)(1) _ c.m(l)(l). 

ii) for p = diniT > 2, 

p not „ _ jjfi „ _ „„ J, _ p„ p (a) rioi p (q) _ ^ 

„(q) not (a) _ (q) not (q) _ p(a)(/3) not <-,(q)(/3) _ „ 

Denoting H ^ h'^f'H^p, R = g'^ R,j and S* == /ia/3.9'^ 5'[^"(^)\ it follows 

Corollary 4.2 T/ie scalar curvature of Sc{CT) of the Cartan canonical connection 
CT of a metrical multi-timcLagrange space, is given by the formulas 

i) for p = diuiT = 1, Sc{CT) = R + S; 

ii) for p = dimT > 2, Sc{CT) = H + R. 

Remark 4.2 In the particular case of an autonomous metrical multi-time Lagrange 
space of electrodynamics (i. e., gij = gij{x^)), all Ricci d-tensor components vanish, 
except Hc^p and i?^ = r^ , where H^ip (resp. r^^ ) are the local Ricci tensors associated 
to the semi-Riemannian metric /iq^ (resp. gij). It follows that the scalar curvature 
of a this space is Sc{CT) — H + r, where H and r are the scalar curvatures of the 
semi-Riemannian metrics hap and gij . 

The main result of the metrical multi-time Lagrange theory of gravitational field 
is given by the following 

Theorem 4.3 The Einstein equations which govern the gravitational h-potential G 
induced by the Kronecker h-regular Lagrangian of a metrical multi-time Lagrange 
space MLp, take the form 

i) for p = dim T = 1, 

— fill = i^-iii 



(El) 



_R+l 
n-ij gij — iK^iij 

(i)(i) _ R + S II _ j.^(i)(i) 
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{E2 



— Tij, Rii — ICTii, 



P^W = ICT^^ 



Wi 



'Wi 









JCT 



(i)r 



i) for p = dim T > 2, 



(El) 



Ha 13 

Rii - 



H + R 



2 
H + R 



af3 



JC% 



ap 



9ij = ^^. 



2 



y 






(^2) 



U — -^0:27 ^ia — i^-^ia.-i U — i^ 



(i)/3 



o = r(':'?. o = r/"' 



j(j) 



■'(j) 



O^T' 



(") 



(i)j ^ 



where Tab, A,B^ {ct,h u)} ^'''^ ^^6 adapted local components of the stress- energy 
d-tensor T . 



(0 



Remarks 4.3 i) Asumming that p — dimT > 2 and n — dimM > 2, the set [Ei) of 
the Einstein equations can be rewritten in the more natural form 



(^0 



J^ij iy9ij — '^■'■iji 



where Tab, A,B^ {«,*} are the adapted local components of a new stress-energy 
d-tensor T. This new form of the Einstein equations will be treated detailed in the 
more general case of a generalized metrical multi-time Lagrange space [^ . 

ii) In the particular case of an autonomous metrical multi-time Lagrange space of 
electrodynamics (i. e., gij = gij{x^)), the following Einstein equations of gravitational 
field 



(^1) 



Haf} hap — ICTap 

H + r 



(E2) 



— T ■ — T 



- T^"^ 



o = r 



w 



a{i) 



= T 



(a) 



<J) 



o = r: 



(") 



(«)i ■ 
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hold good. It is remarkable that the new form {E[) of the Einstein equations of a 
metrical multi-time Lagrange space of electrodynamics reduces to the classical one, 
namely, 

H. 



H, 



af} 



T-aP 



K.% 



ap 



lC%i 



iii) In order to have the compatibility of the Einstein equations, it is necessary that 
the certain adapted local components of the stress-energy d-tensor vanish "a priori". 

From physical point of view, it is well known that the stress-energy d-tensor T must 
verify the local conservation laws T^.g = 0, V A G {a, i, f.} }, where T^ = G^^Toa- 
Consequently, by a direct calculation, we find the following 

Theorem 4.4 The conservation laws of the Einstein equations of a metrical multi- 
time Lagrange space ML" are given by the formulas 

i)forp^ 1, 



(4.4) 



R + S 
2 


= ^11 

/I 


nm ^ + -S^ rm 
^3 2 ^ 


c.M(i) 


R + S 



p, 



(m)|(l) 
(1)1 l(m) 



-P, 



(m)|(l) 



'(1)0) 



(l)jl(m) 



(1) 
(m) 



= -P 



m(l) 

0)k 



where R[ = g™i?™i, Pfll = /iiig™F/„\^)i, R] = ff*"i?™j, P(% = /^ng™P(',|J^., 

pi(l) _ imp (1) J o(i)(l) _ /jiio^Q^^^'^^ • 



(j) -y m{j) 

i) forp> 2, 



'(1)0) 



(4.5) 






Ttm 

Kj - 



(™)(j)' 



H + R 


2 
H + R 



-R 



/A' 



■/3|m 



= 0, 



1 771 



where H^ = /i^'^il^^, R] = 5™-R,„j and R}j = g'^^Rmp- 

Remarks 4.4 i) In the case p > 2, n > 2, taking into account the components Tap and 
Tij of the new stress-energy d-tensor T from {E[), we point out that the conservation 
laws modify in the following simple and natural new form Tg, — 0, T^V^ = (see 

ii) Considering an autonomous metrical multi-time Lagrange space of electrody- 
namics (i. e., gij = gij{x^)), the conservation laws of the Einstein equations reduce 
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to 



H + r 

'j 2 ^ 



/m 



= 0. 



5 Conclusion 

Note that all entities with geometrical or physical meaning from this paper was 



-.(a)(/3) 



ofML^J. 



This 



directly arised from the fundamental vertical metrical d-tensor GLv ., 
fact points out the metrical character and the naturalness of the metrical multi-time 
Lagrange theory of physical fi elds that we constructed. At the same time, the form 
of the invariance gauge group L£ of the fibre bundle of configurations, J^{T,M) — » 
T X M, allows us to appreciate the metrical multi-time Lagrangian field theory like 
a "parametrized" theory. In conclusion, the metrical multi-time Lagrangian theory 
of physical fields is, via the Marsden's classification of field theories Q, a "metrical- 
parametrized" one. 

Open problem. The development of an analogous metrical multi-time Lagrangian 
geometry of physical fields on the jet space of order two J^{T, M) is in our attention. 
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